Abstract. Having developed a description of indefinite extrinsic symmetric spaces by corresponding infinitesimal objects in the preceding paper we now study the classification problem for these algebraic objects. In most cases the transvection group of an indefinite extrinsic symmetric space is not semisimple, which makes the classification di‰cult. We use the recently developed method of quadratic extensions for ðh; KÞ-invariant metric Lie algebras to tackle this problem. We obtain a one-to-one correspondence between isometry classes of extrinsic symmetric spaces and a certain cohomology set. This allows a systematic construction of extrinsic symmetric spaces and explicit classification results, e.g., if the metric of the embedded manifold or the ambient space has a small index. We will illustrate this by classifying all Lorentzian extrinsic symmetric spaces.
Introduction
We study special embeddings of symmetric spaces in pseudo-Euclidean spaces. Recall that a non-degenerate submanifold M of a pseudo-Euclidean space V is called extrinsic symmetric if it is invariant under the reflection at each of its a‰ne normal spaces. In particular, M is an abstract symmetric space. Extrinsic symmetric spaces can also be characterised as those connected complete submanifolds whose second fundamental form is parallel. Two extrinsic symmetric spaces M ,! V and M 0 ,! V 0 are called isometric, if there is an isometry V ! V 0 that maps M to M 0 . In the present paper we continue to discuss the classification of extrinsic symmetric spaces up to isometry. The first step was done in [9] , were we gave an algebraic description of extrinsic symmetric spaces. Now we want to classify these algebraic objects.
Obviously, we cannot assume without loss of generality that M ,! V is full since the minimal subspace that contains M can be degenerate. Therefore, as an intermediate step, we allow V to be degenerate, while M remains non-degenerate. Then we can confine to full submanifolds. Now full extrinsic symmetric spaces correspond to so-called full weak extrinsic symmetric triples, where weak means that the inner product on g can be degenerate. In [9] we have seen that if ðg g; F; hÁ ; ÁiÞ is a full weak extrinsic symmetric triple and R ¼g g Xg g ? is its metric radical, then R is central and g :¼g g=R is a full extrinsic symmetric triple. Isomorphism classes of full weak extrinsic symmetric triples that arise in this way as a central extension of ðg; F; hÁ ; ÁiÞ by a vector space R can be described by a suitable subset of H 2 ðg; RÞ= À Autðg; F; hÁ ; ÁiÞ Â GLðRÞ Á , see Section 5.4 for more details. This reduces the classification of extrinsic symmetric spaces to the following Problem. Determine all full extrinsic symmetric triples ðg; F; hÁ ; ÁiÞ up to isomorphisms.
As in the case of ordinary symmetric spaces the semisimple situation is well studied. Naitoh [15] classified all extrinsic symmetric triples ðg; F; hÁ ; ÁiÞ with semisimple g. His results are based on the classification of non-degenerate Jordan triple systems due to Neher [16] , [17] , [18] . The non-semisimple case is much more involved. Recall that it is impossible to give an explicit classification of all non-semisimple pseudo-Riemannian symmetric spaces. We will see that the same is true for extrinsic symmetric spaces. Therefore we are looking for methods that allow a systematic study also in this situation. This will be the main goal of the present paper. In the first part of the paper we present a structure theory for non-semisimple extrinsic symmetric triples, which relies on the more general theory for ðh; KÞ-equivariant metric Lie algebras developed in [12] . This will lead to a description of the set of isomorphism classes of extrinsic symmetric triples by means of a certain cohomology set. More exactly, using the method of quadratic extensions we will prove that isomorphism classes of full extrinsic symmetric triples without simple ideals correspond to elements of ' H 2 Q ðl; F l ; aÞ K =G l; F l ; a ;
where the union is taken over a set of representatives of isomorphism classes of pairs À ðl; F l Þ; a Á consisting of an ðR; Z 2 Þ-equivariant Lie algebra ðl; F l Þ and a semi-simple orthogonal ðl; F l Þ-module a. Under suitable additional conditions this cohomology set can be computed, which leads to explicit classification results. A typical example of such a suitable condition is the restriction to small dimensions or to a small index of the metric of the embedded or the ambient space. Furthermore, this description of isomorphism classes gives a method for a systematic construction of examples of extrinsic symmetric spaces.
In the second part of the present paper we will illustrate this method by classifying extrinsic symmetric spaces for which the embedded space has Lorentzian signature. The result is known for surfaces in the four-dimensional Minkowski space [5] . Here we will consider the general case. We will be mainly interested in indecomposable extrinsic symmetric spaces. Here decomposable means that not only the embedded manifold M is a product of symmetric spaces but also the embedding M ,! V itself decomposes into a product of embeddings. Recall that each indecomposable (ordinary) Lorentzian symmetric space is either a space of constant curvature or it has a solvable transvection group and is covered by a Cahen-Wallach space [3] . The extrinsic symmetric spaces of non-zero constant curva-ture can be read from Naitoh's list. Besides the natural embeddings of the Lorentzian spheres S 1; nÀ1 and the Lorentzian hyperboloids H 1; nÀ1 embeddings of products S k Â S 1; l and H k Â H 1; l appear, which are not decomposable as extrinsic symmetric spaces. The classification of flat Lorentzian extrinsic spaces and those which are covered by a CahenWallach space is the di‰cult part of our task. To solve it we will apply the structure theory developed in the first part of the paper. Let us first consider full and indecomposable flat Lorentzian extrinsic symmetric spaces. We will see that minimal and non-minimal ones exist, where as usual a submanifold is called minimal if its mean curvature vector vanishes. As minimal embeddings the identity map R 1; 0 ! R 1; 0 and certain embeddings R 1; 1 ,! R 1; 2 , R 1; 1 ,! R 2; 1 , and R 1; 2 ,! R 2; 3 occur. In the non-minimal case we have embeddings of flat Lorentzian manifolds of dimension 2 þ l into R 2; 2þ2l or into R 2þl; 2þl for l A N. Now let us turn to the case where M is (covered by) a Cahen-Wallach space. We will see that only (quotients of) Cahen-Wallach spaces with very special parameters can be embedded extrinsically symmetric. This is in contrast to the Riemannian case, where almost all symmetric spaces have realisations as extrinsic symmetric spaces. The precise classification result for the full case is formulated in Theorem 5.6. Furthermore, for all isomorphism classes of full and indecomposable Lorentzian extrinsic symmetric spaces we will give explicit realisations. Moreover we will describe all extensions to weak extrinsic symmetric triples, which gives a classification also in the non-full case. For the result see Theorem 5.33.
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Extrinsic symmetric triples
We want to recall the definition of an extrinsic symmetric triple from [9] . Here we will use the language of ðh; KÞ-equivariant metric Lie algebra in the sense of [12] . Later on this will allow us to apply the classification machinery developed in [12] . We do not want to explain the general notion of an ðh; KÞ-equivariant Lie algebra but confine the definition to the special case h ¼ R, K ¼ Z 2 . Let Z 2 ¼ f1; À1g act on R by multiplication. Definition 2.1. An ðR; Z 2 Þ-equivariant Lie algebra in the sense of [12] is a pair ðl; F l Þ, where l is a Lie algebra and F l is a pair ðD l ; y l Þ consisting of a semisimple derivation D l : l ! l and an involution y l :
We will say that an ðR; Z 2 Þ-equivariant Lie algebra ðl; FÞ, F ¼ ðD; yÞ, is h-graded if D 3 ¼ ÀD holds. The term h-grading is an abbreviation of Hermitian grading. The relation between the equation D 3 ¼ ÀD and Hermitian structures will be explained in Section 5.1. If ðl; FÞ is h-graded we define t :¼ expðpDÞ and
Then it is easy to show that
Definition 2.2. An ðR; Z 2 Þ-equivariant metric Lie algebra is a triple ðg; F; hÁ ; ÁiÞ such that (i) ðg; hÁ ; ÁiÞ is a metric Lie algebra, (ii) ðg; FÞ is an ðR; Z 2 Þ-equivariant Lie algebra, (iii) D is antisymmetric and y is an isometry.
In particular,
3. An extrinsic symmetric triple is an ðR; Z 2 Þ-equivariant metric Lie algebra ðg; F; hÁ ; ÁiÞ that is h-graded and satisfies ½g
An extrinsic symmetric triple is called full if it satisfies ½g
We can formulate this equivalently in the following way. Lemma 2.4. A full extrinsic symmetric triple is an h-graded ðR; Z 2 Þ-equivariant metric Lie algebra ðg; F; hÁ ; ÁiÞ that satisfies ½g
Proof. We have to prove that the conditions ½g
hence the triple is full. r Weak extrinsic symmetric triples ðg; F; hÁ ; ÁiÞ are defined in the same way as extrinsic symmetric triples, except that hÁ ; Ái is allowed to be degenerate on g þ À .
A (weak) extrinsic symmetric triple is called decomposable if it is the direct sum of two non-trivial (weak) extrinsic symmetric triples. Otherwise it is called indecomposable. An extrinsic symmetric triple decomposes if and only if the associated extrinsic symmetric space M ,! V is decomposable, i.e., if it decomposes into a product of non-trivial embeddings M 1 ,! V 1 and M 2 ,! V 2 , where V ¼ V 1 l V 2 . Obviously, to reach our aim of a classification of all full extrinsic symmetric triples it will be su‰cient to consider indecomposable ones.
Definition 2.5. Let ðl; F l Þ be an ðR; Z 2 Þ-equivariant Lie algebra. An orthogonal ðl; F l Þ-module ðr; a; hÁ ; Ái a ; F a Þ (often abbreviated to a) consists of a pseudo-Euclidean vector space ða; hÁ ; Ái a Þ, a pair F a ¼ ðD a ; y a Þ, where y a A Oða; hÁ ; Ái a Þ is an involution and D a A soða; hÁ ; Ái a Þ is a semisimple map satisfying D a y a ¼ Ày a D a , an orthogonal representation r : l ! soða; hÁ ; ÁiÞ that satisfies
for all L A l.
We will say that a is h-graded if D 3 a ¼ ÀD a . In this case we define a þ , a À , a þ , a À etc. as usual.
Homomorphisms of (metric) ðR; Z 2 Þ-equivariant Lie algebras are defined in the obvious way. Let ðl i ; F l i Þ, i ¼ 1; 2, be two ðR; Z 2 Þ-equivariant Lie algebras and let ðr i ; a i Þ, i ¼ 1; 2, be orthogonal ðl i ; F l i Þ-modules. Let S : l 1 ! l 2 be a homomorphism of ðR; Z 2 Þ-equivariant Lie algebras and let U : a 2 ! a 1 be an ðR; Z 2 Þ-equivariant isometric embedding. Suppose that
holds for all L A l. Then we call ðS; UÞ a morphism of pairs. We will write this as ðS; UÞ :
Quadratic cohomology and quadratic extensions
In this section we recall some facts on quadratic cohomology from [12] , where we specialise again to the case ðh; KÞ ¼ ðR; Z 2 Þ. Let ðl; F l Þ be an ðR; Z 2 Þ-equivariant Lie algebra and a an orthogonal ðl; F l Þ-module. As usual, À C Ã ðl; aÞ; d Á denotes the standard complex for Lie algebra cohomology with coe‰cients in a. If a ¼ R is the trivial ðl; F l Þ-module, then we abbreviate this to À C Ã ðlÞ; d Á . Let C p ðl; aÞ ðD; yÞ be the space of cochains in C p ðl; aÞ that are invariant under D and y. In the general case of an ðh; KÞ-action on a and l considered in [12] This set is a group with group operation defined by
where hÁ5Ái denotes the usual wedge product followed by the inner product on a. 
The quadratic cohomology set is defined as the orbit space
The equivalence class of ða; gÞ A Z Given an ðR; Z 2 Þ-equivariant Lie algebra ðl; F l Þ, an orthogonal ðl; F l Þ-module a and a quadratic 2-cocycle ða; gÞ we now construct an ðR; Z 2 Þ-equivariant metric Lie algebra. We consider the vector space d :¼ l Ã l a l l and define an inner product hÁ ; Ái on d by
½L; A ¼ ÀhA; aðL; ÁÞi þ LðAÞ;
The scalar product hÁ ; Ái is invariant with respect to this bracket [10] . Moreover, we define a pair F ¼ ðD; yÞ by
Then d a; g ðl; F l ; aÞ :¼ ðd; F; hÁ ; ÁiÞ is an ðR; Z 2 Þ-equivariant metric Lie algebra. It is called quadratic extension of ðl; F l Þ by a associated with the cocycle ða; gÞ A Z 2 Q ðl; F l ; aÞ. Obviously, d a; g ðl; F l ; aÞ is h-graded if and only if ðl; F l Þ and a are so.
Structure theory for extrinsic symmetric triples
First we will show that we can decompose any extrinsic symmetric triple into a semisimple one and one that does not have simple ideals. As remarked in the introduction, semisimple extrinsic symmetric triples are classified [15] . Hence we may concentrate on extrinsic symmetric triples without simple ideals, which we will do in the second part of this section. [12] ). Moreover, in g ¼ d a; g ðl; F l ; aÞ the data ðl; F l Þ and a can be chosen in such a way that the representation of l on a is semisimple. Let us briefly describe the idea of the proof. It is based on the existence of the so-called canonical isotropic ideal. The construction of this ideal goes back to an idea of L. Bérard-Bergery. Let us recall the definition and the properties of this ideal. For more detailed explanations see [10] , [12] . Let ðg; F; hÁ ; ÁiÞ be an ðR; Z 2 Þ-equivariant metric Lie algebra. There is a chain of F-invariant ideals g ¼ R 0 ðgÞ I R 1 ðgÞ I R 2 ðgÞ I Á Á Á I R l ðgÞ ¼ 0 which is defined by the condition that R k ðgÞ is the smallest ideal of g contained in R kÀ1 ðgÞ such that the g-module R kÀ1 ðgÞ=R k ðgÞ is semisimple. The canonical ideal iðgÞ H g is defined by
It has the following properties. 
The property of a cocycle to be balanced only depends on its cohomology class. This yields the notion of a balanced cohomology class. We denote the set of balanced cohomology classes in H 
to the set of isomorphism classes of ðR; Z 2 Þ-equivariant metric Lie algebras without simple ideals. This map sends the orbit of ½a; g A H 2 Q ðl; F l ; aÞ b to the isomorphism class of d a; g ðl; F l ; aÞ.
We want to specialise this result to full extrinsic symmetric triples. We already noted that d a; g ðl; F l ; aÞ is h-graded if and only if ðl; F l Þ and a are so. Furthermore, if
and only if the conditions
are satisfied, see [11] , Lemma 5.5 and Lemma 5.6.
Let ðl; F l Þ be an h-graded ðR; Z 2 Þ-equivariant Lie algebra satisfying ½l À ; l À ¼ l þ and let a be an h-graded orthogonal ðl; F l Þ-module. We define
H A l; F l the set consisting of those orthogonal ðl; F l Þ-modules in A l; F l that are h-graded. We conclude from Theorem 4.4:
Theorem 4.5. The map Z 2 Q ðl; F l ; aÞ C ða; gÞ 7 ! d a; g ðl; F l ; aÞ induces a bijective map from the union of orbit spaces '
to the set of isomorphism classes of full extrinsic symmetric triples without simple ideals.
Let us modify the cohomology set H 2 Q ðl; F l ; aÞ K used above to obtain an analogous result for indecomposable full extrinsic symmetric triples. A non-trivial decomposition of a pair À ðl; F l Þ; a Á consists of two non-zero morphisms of pairs
is an isomorphism. We will say that a cohomology class j A H 2 Q ðl; F l ; aÞ is decomposable if it can be written as a sum
Here addition is induced by addition in the vector space C 2 ðl; aÞ l C 3 ðlÞ. For ½a; g A H 2 Q ðl; F l ; aÞ K the extrinsic symmetric triple d a; g ðl; F l ; aÞ is decomposable if and only if ½a; g is decomposable [12] . Hence, if we replace H 2 Q ðl; F l ; aÞ K in Theorem 4.5 by the set H 2 Q ðl; F l ; aÞ 0 of all indecomposable elements of H 2 Q ðl; F l ; aÞ K , then we get a bijection onto the set of isomorphism classes of indecomposable full extrinsic symmetric triples without simple ideals.
4.3. The automorphism group. Next we calculate the automorphism group of an extrinsic symmetric triple ðg; F; hÁ ; ÁiÞ in the case where g ¼ d a; g ðl; F l ; aÞ is a balanced quadratic extension.
Proposition 4.6. Let d a; g ðl; F l ; aÞ be balanced. Then F : d a; g ðl; F l ; aÞ ! d a; g ðl; F l ; aÞ is an automorphism of the extrinsic symmetric triple d a; g ðl; F l ; aÞ if and only if
and (i) ðS; UÞ :
(ii) the bilinear map s : l n l ! R defined by sðL 1 ; L 2 Þ :¼ sðL 1 ÞðL 2 Þ is antisymmetric and satisfies ðt; sÞ A C 1 Q ðl; F l ; aÞ; and (iii) ðS; UÞ Ã ða; gÞ ¼ ða; gÞðt; sÞ À1 .
Proof. Suppose that
is a morphism of pairs and the map F 1 given by the first matrix in the proposition is an isomorphism from d ðS; UÞ Ã ða; gÞ ðl;
UÞ Ã ða; gÞ ðl; F l ; aÞ is an equivalence of quadratic extensions. Any such equivalence is given by a matrix that has the form of the second matrix in the proposition, where s and t satisfy conditions (ii) and (iii). These facts are explained in [12] . A detailed proof in the non-equivariant case can be found in [10] .
Conversely, if ðS; UÞ :
is an isomorphism of pairs, then the map defined by the first matrix in the proposition is an isomorphism from d ðS; UÞ Ã ða; gÞ ðl; F l ; aÞ to d. If s and t satisfy conditions (ii) and (iii), then the map defined by the second matrix is an equivalence from d to d ðS; UÞ Ã ða; gÞ ðl; F l ; aÞ. r Definition 4.7. Let an isomorphism S : l ! l, an isometry U : a ! a, a linear map t : l ! a, a cochain s A C 2 ðlÞ be given and define s :
. We will denote this map by F ðS; U; t; sÞ.
5. Classification of Lorentzian extrinsic symmetric spaces 5.1. Some known results. Before classifying Lorentzian extrinsic symmetric spaces let us first recall some known results. The case of parallel surfaces, i.e., of surfaces with parallel second fundamental form was considered by Chen, Dillen and Van der Veken. They classified parallel surfaces in 4-dimensional Lorentzian space forms [5] and parallel Lorentzian surfaces in Lorentzian complex space forms [4] .
Let us turn to the case of arbitrary dimension. If the associated extrinsic symmetric triple is semisimple, then we get a classification from Naitoh's list [15] , see Section 5.2 for details. The main problem will be to classify extrinsic symmetric embeddings of non-semisimple symmetric spaces. Here as usual a symmetric space is called semisimple if its transvection group is semisimple. Let us recall the classification of (ordinary) non-semisimple Lorentzian symmetric spaces due to Cahen and Wallach [3] . Let ðz; a 1 ; . . . ; a p ; a 0 1 ; . . . ; a 0 q ; lÞ be the coordinates in R l R pþq l R and consider the metric
where
Mðp; q; l; mÞ :¼ ðR pþqþ2 ; g l; m Þ is a Lorentzian symmetric space. In this notation we will omit l if p ¼ 0 and m if q ¼ 0.
Here these spaces are called Cahen-Wallach spaces. Conversely, every simply-connected indecomposable non-semisimple Lorentzian symmetric space is either one-dimensional or isometric to one of the spaces Mðp; q; l; mÞ. Moreover, Mðp; q; l; mÞ is isometric to
Every n-dimensional Cahen-Wallach space can be isometrically embedded into R 2; n . This was claimed in [3] and proven in detail by Blau, Figueroa-O'Farrill and Papadopoulos [1] , who explicitly described the embedding as an intersection of two quadrics. It is easy to check that the embedding given in [1] is extrinsic symmetric exactly for the Cahen-Wallach spaces Mð0; q; mÞ for m ¼ ð1; . . . ; 1Þ.
We want to end this section with explaining the relationship between full extrinsic symmetric triples and Hermitian symmetric triples. Recall that a symmetric triple ðg; y; hÁ ; ÁiÞ is the infinitesimal object that is associated with a pseudo-Riemannian symmetric space. It consists of a metric Lie algebra ðg; hÁ ; ÁiÞ and an isometric involution y whose eigenspaces g þ and g À satisfy ½g À ; g À ¼ g þ . The index of hÁ ; Áij g À is called index of the symmetric triple. It equals the index of the metric of any symmetric space associated with this triple. A Hermitian symmetric triple ðg; D; hÁ ; ÁiÞ is the infinitesimal object that is associated with a pseudo-Hermitian symmetric space. It consists of a metric Lie algebra ðg; hÁ ; ÁiÞ and an antisymmetric derivation D satisfying D 3 ¼ ÀD and a condition concerning the eigenspaces g þ and g À of t D ¼ expðpDÞ. This condition is ½g À ; g À ¼ g þ . In particular, ðg; t D ; hÁ ; ÁiÞ is a symmetric triple and the almost complex structure Dj g À defines a Hermitian structure on the associated symmetric space. We obtain the following relation between extrinsic and Hermitian symmetric triples.
Proposition 5.1. If ðg; F; hÁ ; ÁiÞ, F ¼ ðD; yÞ is a full extrinsic symmetric triple, then ðg; D; hÁ ; ÁiÞ is a Hermitian symmetric triple.
We will say that an extrinsic symmetric triple ðg; F; hÁ ; ÁiÞ is Lorentzian or of Lorentz type if the associated extrinsic symmetric space has Lorentz signature. If ðg; F; hÁ ; ÁiÞ is Lorentzian, then the Hermitian symmetric triple ðg; D; hÁ ; ÁiÞ has index two. Such Hermitian triples were classified in [11] and [12] . In order to determine all non-semisimple full extrinsic symmetric triples of Lorentz type we could first check the list in [11] and determine all Hermitian symmetric triples ðg; D; hÁ ; ÁiÞ that admit an isometric involution y anticommuting with D and, second, classify these involutions. However, instead of checking lists we prefer to give a direct proof. Now let us start the classification of extrinsic symmetric triples and weak extrinsic symmetric triples of Lorentz type. Obviously, if such a triple is decomposable, then it decomposes into an indecomposable triple of Lorentz type and several indecomposable triples of Riemannian type, i.e., triples for which the associated extrinsic symmetric spaces are Riemannian ones. Thus to classify all full extrinsic symmetric triples of Lorentzian type we have to classify indecomposable ones of Lorentzian and Riemannian type. In both cases we have to distinguish between semisimple triples and those without simple ideals as shown in Section 4.1. This will be done in the following two sections. In Section 5.4 we will extend the classification to weak extrinsic symmetric triples.
5.2.
Classification of semisimple extrinsic symmetric triples. Semisimple extrinsic symmetric triples were classified by Naitoh [15] . More exactly, Naitoh studied so-called semisimple symmetric graded Lie algebras, which are in a one-to-one correspondence with semisimple extrinsic symmetric triples. Let us briefly explain this correspondence. Roughly speaking, a semisimple symmetric graded Lie algebra is a semisimple graded Lie algebra g ¼ g À1 l g 0 l g 1 together with an involution y satisfying yðg m Þ ¼ g Àm . The gradation of g defines a derivation D, which anticommutes with y. Let g ¼ g þ l g À denote the decomposition of g defined by y. The above mentioned correspondence sends g to
On the other hand, semisimple symmetric graded Lie algebras correspond to nondegenerate Jordan triple systems, which were classified by Neher [16] , [17] , [18] . Using this classification Naitoh gave a list of all semisimple symmetric graded Lie algebras. In particular we can read from this list all semisimple extrinsic symmetric triples of Lorentz type. We obtain four infinite series, for which we give g; g þ , g þ and g þ þ in the following table.
; nÞ soð1; nÞ uð1; n À 1Þ soð1; n À 1Þ suð2; nÞ soð2; nÞ uð1; nÞ soð1; nÞ soð3; k þ lÞ soð1; kÞ l soð2; lÞ soð2Þ l soð1; k þ lÞ soð0; kÞ l soð1; lÞ soð1; k þ l þ 2Þ soð0; k þ 1Þ l soð1; l þ 1Þ soð1; k þ lÞ l soð2Þ soð0; kÞ l soð1; lÞ A classification of all non-compact symmetric graded Lie algebras for which the involution is a Cartan involution was already achieved by Kobayashi and Nagano [14] . Under the map g 7 ! g ¼ g þ l ig À these symmetric graded Lie algebras correspond exactly to those semisimple extrinsic symmetric triples that are associated with embeddings of Riemannian symmetric spaces into Euclidean spaces.
Semisimple extrinsic symmetric triples ðĝ g;F F; hÁ ; Ái^Þ that are associated with embeddings of Riemannian symmetric spaces into pseudo-Euclidean spaces can be obtained from those associated with embeddings into Euclidean spaces by the correspondence
The involutionŷ y is given by the decompositionĝ
The derivation D on g is inner, i.e., D ¼ adðxÞ. Then onĝ g we also havê D D ¼ adðxÞ. The inner product onĝ g equals hÁ ; Ái^:¼ ðÀhÁ ; Ái C Þjĝ g , where hÁ ; Ái C denotes the complex bilinear extension of hÁ ; Ái to g C . In particular, the Hermitian symmetric triple defined by ðĝ g;F F; hÁ ; Ái^Þ is the non-compact dual of the Hermitian symmetric triple
Each semisimple extrinsic symmetric triple is automatically full. Indeed, if g is semi-
5.3. Classification of non-semisimple full extrinsic symmetric triples. Now we consider extrinsic symmetric triples ðg; F; hÁ ; ÁiÞ for which the Lie algebra g does not have simple ideals. From Section 4 we know that every such triple is a quadratic extension of an ðR; Z 2 Þ-equivariant Lie algebra ðl; F l Þ by an orthogonal ðl; F l Þ-module ðr; a; hÁ ; Ái a ; F a Þ. This gives immediately a classification in the case where the associated extrinsic symmetric space is full and Riemannian. 
Proof. As explained above ðg; F; hÁ ; ÁiÞ is isomorphic to a quadratic extension d :¼ d a; g ðl; F l ; aÞ. Since the associated extrinsic symmetric space is Riemannian, we have
Let us turn to Lorentzian triples ðg; F; hÁ ; ÁiÞ. First we want to determine all ðl; F l Þ that can occur in the quadratic extension g G d a; g ðl; F l ; aÞ. Let hð1Þ denote the 3-dimensional Heisenberg algebra. This is a Lie algebra spanned by linearly independent vectors X , Y , Z satisfying the relation ½X ; Y ¼ Z. We will use the notation hð1Þ ¼ f½X ; Y ¼ Zg. Similarly we write 
Proof. Since the associated extrinsic symmetric space has Lorentzian signature, we
Now let us consider the case where l À is two-dimensional and non-Abelian. We choose
, from which we see that l G hð1Þ and D l is given as in (i). If l 3 0 we put
For l > 0 we obtain l G suð2Þ and D l as given in (iii). For l < 0 we have l G slð2; RÞ. r
The next question will be which semisimple representations of ðl; F l Þ can appear in the quadratic extension g G d a; g ðl; F l ; aÞ for those ðl; F l Þ determined in Proposition 5.3. 
With respect to a suitable basis a 1 ; . . . ; a 4 of a 4 the representation r 4 of l is given by Let a C be the complexification of a. We extend hÁ ; Ái a to a Hermitian inner product on a C . In the following we will denote both a given linear map on a and its complex linear extension to a C by the same symbol. We consider the map
By assumption D a is diagonalisable. Moreover, rðX Þ is also diagonalisable since X acts semi-simply on l. Both maps commute since ½D a ; rðX Þ ¼ r À D l ðX Þ Á ¼ 0 by (2) . Hence, as maps on a C they have a common eigenspace decomposition. In particular, B is diagonalisable. The eigenvalues of B are purely imaginary since the eigenvalues of D a and rðX Þ are so. Let E l H a C denote the eigenspace with eigenvalue l.
The involution y a maps E l to E Àl and complex conjugation also maps E l to E Àl .
We
Let us study the case l ¼ suð2Þ. Take some E l 3 0. Then also E Àl 3 0. By the above
Thus we can choose a submodule of E i=2 that is isomorphic to the standard representation ðr 2 ; C 2 Þ. Let v þ , v À be a basis of this submodule such that
We define 
is an isomorphism of pairs. Now suppose that l ¼ 0. Then k ¼ 2 and rj E l contains a multiple of the adjoint representation. Hence n :¼ ker À rðX Þ Á X E 0 3 0. In particular, at least one of the eigenspaces n þ , n À of yj n is not the zero space. Suppose n þ 3 0 and choose an element a X A n þ . Then W :¼ spanfa X ; a Y :¼ ð1=2Þ Á Hða X Þ; a H :¼ Àð1=2Þ Á Y ða X Þg is a three-dimensional subspace, which is invariant under r and F. Since hÁ ; Ái a is positive definite, we may assume ha X ; a X i a ¼ 8. Let U : W ! a 3 be the linear map defined by a X 7 ! X , a Y 7 ! Y , a H 7 ! H. Then ðid; UÞ :
is an isomorphism of pairs. Analogously, for a X A n À we get an isomorphism ðid; UÞ :
We proceed with W ? instead of a, etc. The case l ¼ slð2; RÞ is treated in the same way. In this case we use that hÁ ; Ái a is positive definite on a À to show that hÁ ; Ái a restricted to W is non-degenerate. r Theorem 5.6. If ðg; F; hÁ ; ÁiÞ, F ¼ ðD; yÞ is a non-semisimple indecomposable full extrinsic symmetric triple of Lorentz type, then it is isomorphic to exactly one quadratic extension d a; g ðl; F l ; aÞ associated with the data from the following list:
Proof. We already know that g G d a; g ðl; F l ; aÞ for an ðR; Z 2 Þ-equivariant Lie algebra ðl; F l Þ, an orthogonal ðl; F l Þ-module a and an indecomposable cohomology class ½a; g A H 2 Q ðl; F l ; aÞ 0 =G l; F l ; a , where all these data are uniquely determined. In Propositions 5.3, 5.4 and 5.5 we determined all candidates for ðl; F l Þ and a. Let us compute H 2 Q ðl; F l ; aÞ 0 for these ðl; F l Þ and a. All these cohomologies can be easily computed directly. Here we will use our computations in [10] . The case l ¼ 0 is trivial. Suppose l ¼ R 2 . By Proposition 5.4 the representation of l on a is trivial. Since g is indecomposable, a is in the image of a, thus either a ¼ 0 or a is one-dimensional and a ¼ a þ À . Then [10] If we integrate these triples, i.e., if we determine the associated extrinsic symmetric space M g; F ,! g À for each triple ðg; F; hÁ ; ÁiÞ occurring in Theorem 5.6, we obtain the following classification result.
Corollary 5.7. If M ,! V is a non-semisimple indecomposable full extrinsic symmetric space of Lorentz type, then it is isometric to exactly one of the following spaces:
(ii) V A fR 1; 2 ; R 2; 1 g, where hÁ ;
1 is the image of R 2 ! V ; ðr; sÞ 7 ! ðr; s 2 ; sÞ: (iv) V ¼ R 2; 2þkþ2lþ2m with coordinates ðw 1 ; w 2 ; x; y;ŷ y; z;ẑ z; w 3 ; w 4 Þ,
ðr; t; s; v; uÞ 7 ! À jsj 2 þ jvj 2 þ 1 2 juj 2 þ c cos r À ðrc þ tÞ sin r þ c; 
; 2þkþlþm with coordinates ðw 1 ; w 2 ; x; y;ŷ y; z;ẑ z; w 3 ; w 4 Þ; x A R k ; y;ŷ y A R l ; z;ẑ z A R m and
M is the image of
ðr; t; s; v; uÞ 7 ! À jsj 2 þ jvj 2 þ 1 2 juj 2 À c cosh r À ðrc þ tÞ sinh r À c; Remark 5.8. Note that in item (iv) the Lorentzian manifold R l Â Mð0; mÞ (with its intrinsic metric) is a two-fold Riemannian covering of R l Â Mðm; 0Þ. In item (v) the manifold Mðl; 0; mÞ is even isometric to Mðl; m; 0Þ (but not extrinsic isometric for m 3 0).
Choosing k ¼ m ¼ 0 in items (iv) and (v) we get indecomposable embeddings of flat spaces R 1; 1þl ,! R 2; 2þ2l and R 1; 1þl ,! R 2þl; 2þl , respectively.
Proof of Corollary 5.7. Recall from [9] that M g; F ,! g À is the submanifold G þ ð0Þ, where
The computation of items (i), (ii) and (iii) from Theorem 5.6 (i)-(iii) is easy. Let us consider the cases (iv) and (v). LetG G þ be the simply connected Lie group associated with g þ . This group is the transvection group of a Cahen-Wallach space. Cahen and Wallach [3] proved thatG G þ can be identified with
where ½Á ; Á and ad are the operations in g þ . See also [19] for a detailed proof or [12] for a proof using the same notation as the present paper. Note that
is the connected subgroup with Lie algebra g þ þ H g. Moreover,
Note that ðZ; A; LÞ ¼ ð0; 0; LÞðZ; A; 0Þ ¼ expðLÞ expðZ þ AÞ holds inG 
with respect to the chosen basis and obtain the formulas claimed in items (iv) and (v). r 5.4.1. The problem. In Section 5.3 we classified all Lorentzian extrinsic symmetric spaces that are full in some pseudo-Euclidean space. Now we want to extend this classification to the case of Lorentzian extrinsic symmetric spaces M ,! R p; q for which the minimal a‰ne subspace V containing M can be degenerate. As explained in [9] it su‰ces to classify full Lorentzian extrinsic symmetric spaces in (possibly degenerate) inner product spaces. This classification problem is equivalent to the classification of full weak extrinsic symmetric triples of Lorentz type. In the following we will often denote a weak extrinsic symmetric triple just by the symbol of the underlying Lie algebra. Let us recall the relation of extrinsic symmetric triples and weak extrinsic symmetric triples from [9] .
Let R be a finite-dimensional real vector space. We consider R as an Abelian Lie algebra. Then R together with the trivial inner product hÁ ; Ái ¼ 0, the trivial derivation D ¼ 0 and the involution y ¼ Àid can be understood as a weak extrinsic symmetric triple. A normal extension of an extrinsic symmetric triple ðg; F; hÁ ; ÁiÞ by R is a short exact sequence of weak extrinsic symmetric triples
Each such sequence is a central extension of the underlying Lie algebras. In particular, equivalence classes of normal extensions of ðg; F; hÁ ; ÁiÞ by R are classified by
where R is considered as a trivial g-module. The weak extrinsic symmetric tripleg g is full if and only if g is full and if the associated cohomology class ½o satisfies oðker½Á ;
If ðg g;F F; hÁ ; Ái~Þ is a weak extrinsic symmetric triple and R :¼g g ? is its metric radical, theng g=R together with the structure ðF; hÁ ; ÁiÞ induced by ðF F; hÁ ; Ái~Þ is an extrinsic symmetric triple and ðg g;F F; hÁ ; Ái~Þ is a normal extension of ðg; F; hÁ ; ÁiÞ by R. In particular, isomorphism classes of weak extrinsic symmetric triples ðg g;F F; hÁ ; Ái~Þ with metric radical R andg g=R G g (as extrinsic symmetric triples) correspond bijectively to the elements of H 2 ðg; RÞ D À = À Autðg; F; hÁ ; ÁiÞ Â GLðRÞ Á .
The latter result together with Lemma 4.1 shows that each weak extrinsic symmetric triple ðg; F; hÁ ; ÁiÞ decomposes into a direct sum ðg; hÁ ; Ái; FÞ ¼ ðg 1 ; F 1 ; hÁ ; Ái 1 Þ l ðg 2 ; F 2 ; hÁ ; Ái 2 Þ;
where ðg 1 ; F 1 ; hÁ ; Ái 1 Þ is a semisimple extrinsic symmetric triple or zero and ðg 2 ; F 2 ; hÁ ; Ái 2 Þ is a weak extrinsic symmetric triple which arises as a central extension of an extrinsic symmetric triple without simple ideals. Proof. We consider the map
Since hÁ ; Ái is non-degenerate, this map is an isomorphism. Moreover,
The conditions D j ¼ j D and y j ¼ Àj y translate into Do j ¼ 0 and y Ã o j ¼ Ào j , which completes the proof of the proposition. r (ii) the bilinear mapŝ s : l n l ! R defined byŝ sðL 1 ; L 2 Þ :¼ŝ sðL 1 ÞðL 2 Þ is antisymmetric andt t A C 1 ðl; aÞ,ŝ s A C 2 ðl; aÞ satisfy
for all t A R; and
Proof. Roughly speaking, DerðgÞ D À di¤ers from the Lie algebra of the automorphism group AutðgÞ of the extrinsic symmetric triple g just by the commutation rule for y. Hence we can determine DerðgÞ D À by di¤erentiating equation (3) and the conditions (i), (ii), (iii) in Proposition 4.6 and by changing the sign in all corresponding commutation rules for y l and y a . Of course, the assertion can also be easily verified by a direct computation. r Definition 5.12. Let a derivationŜ S : l ! l, an antisymmetric linear mapÛ U : a ! a, a linear mapt t : l ! a, a cochainŝ s A C 2 ðlÞ be given and defineŝ s :
Then we can define a linear map j : l Ã l a l l ! l Ã l a l l by (5). We will denote this map by jðŜ S;Û U;t t;ŝ sÞ.
The action of AutðgÞ on Z 2 ðg; RÞ translates into the adjoint action on DerðgÞ. More exactly, the map i defined in (4) has the property
for all F A AutðgÞ and j A DerðgÞ.
Decomposability.
A weak extrinsic symmetric triple is called decomposable if it is the direct sum of two non-trivial weak extrinsic symmetric triples. Otherwise it is called indecomposable. Any weak extrinsic symmetric triple of Lorentz type decomposes into an indecomposable weak extrinsic symmetric triple of Lorentz type and a (possibly trivial) Riemannian weak extrinsic symmetric triple. Obviously, the triple is full if and only if both summands are full. Since our aim is the classification of all full weak extrinsic symmetric triples of Lorentzian type, we have to classify all indecomposable and full weak extrinsic symmetric triples which have Lorentzian or Riemannian type.
Letg g be an indecomposable and full weak extrinsic symmetric triple of Lorentzian or Riemannian type. As above we define R :¼g g ? . Then the extrinsic symmetric tripleg g=R is not necessarily indecomposable. However, the following holds. 
Proof. Let ðg g;F F; hÁ ; Ái~Þ be full and indecomposable. As explained in Section 5.1 we haveg g=R ¼ g 1 l g 2 , where g 1 is a full and indecomposable extrinsic symmetric triple of Lorentzian type and g 2 is a full extrinsic symmetric triple of Riemannian type. The Riemannian part g 2 cannot contain simple ideals. Indeed, otherwise g 2 ¼ g 
where all vertical maps are isomorphisms. Henceg g would be decomposable. Now letg g be decomposable or not full and assume that the conditions (i) and (iii) hold. We have to show that condition (ii) cannot be satisfied. Ifg g is decomposable, theñ g g ¼g g 0 lg g 00 , whereg g 0 is a weak extrinsic symmetric triple of Lorentzian type andg g 00 is a weak extrinsic symmetric triple of Riemannian type. Let R ¼g g Xg g ? , R 0 ¼g g 0 X ðg g 0 Þ ? and R 00 ¼g g 00 X ðg g 00 Þ ? be the metric radicals ofg g,g g 0 andg g 00 , respectively. Then R ¼ R 0 l R 00 and g 1 l a 0 ¼g g 0 =R 0 lg g 00 =R 00 . Since the summands of any decomposition of g 1 l a 0 into indecomposable extrinsic symmetric triples are unique up to isomorphisms, we get ; gÞ ¼ 0. Now suppose thatg g is not full and assume that the conditions (i) and (iii) hold. We will show that in this caseg g is decomposable, which will finish the proof. If g g is not full, then there exists an element X Ag g
Sinceg g=R is full, there is an element r A R such that X þ r A ½g g Proof. Obviously,
is an isomorphism. This gives
This immediately implies:
Proposition 5.16. There is a bijection from H 2 ða 0 ; RÞ
where O À ða 0 Þ À Á Â GLðRÞ acts in the natural way. 
Proof. We first compute adðg
where the sign depends on the choice of the scalar product on a according to Theorem 5. Tensoring by R gives the assertion of the lemma. r Abbreviating our notation we will write AutðgÞ for the automorphism group of the extrinsic symmetric triple g. In the following proposition we use the notation from Definition 4.7 for g ¼ d a; g ðl; F l ; a l a 0 Þ. 
In particular, it is isomorphic to the semidirect product
Proof. Let F ðS; U; t; sÞ be an automorphism of d a; g ðl; F l ; a l a 0 Þ.
Conversely, if S, U, t, s are given as in the proposition, then one easily checks that F ðS; U; t; sÞ is an automorphism.
Since U is defined by U :¼ Uj ða 0 Þ À and t is defined by tðY Þ ¼: a A ða 0 Þ À , the map
F ðl Á id; U À1 ; lU À1 t; 0Þ 7 ! ðl; U; aÞ is bijective. Moreover, denoting the preimage F ðl Á id; U À1 ; lU À1 t; 0Þ of ðl; U; aÞ by f ðl; U; aÞ we obtain
We consider ða 0 Þ À as a Euclidean space and denote by 
Otherwise ðr 0 ; B; hÞ is called indecomposable.
Decomposability of ðr 0 ; B; hÞ only depends on the Autða 0 Þ Â GLðRÞ-orbit ½r 0 ; B; h of ðr 0 ; B; hÞ, hence we can speak of decomposable and indecomposable orbits. Proof. We apply Proposition 5.14. In our situation the first and the third condition of Proposition 5.14 are obviously satisfied. Let us turn to the second condition. We reformulate decomposability for ½o A H 2 ðg; RÞ D À in terms of the element ðr 0 ; B; hÞ corresponding to ½o under the isomorphism H 2 ðg; RÞ Furthermore, if we decompose a ¼ a 0 þ a 00 with respect to a 0 l a 00 , then
Conversely 
Proof. First let us check which jðŜ S;Û U;t t;ŝ sÞ are in DerðgÞ Tensoring by R gives the assertion of the proposition. r Proposition 5.25. The automorphism group AutðgÞ of the extrinsic symmetric triple g ¼ g 1 l a 0 equals È F ðS; U; t; sÞ j SðX Þ ¼ lX ; SðY Þ ¼ lY ; SðZÞ ¼ Z;
Proof. Let F ðS; U; t; sÞ be an automorphism of d a; g ðl; F l ; a l a 0 Þ. Since y l S ¼ Sy l and D l S ¼ SD l , the isomorphism S : l ! l must satisfy SðX Þ ¼ lX , SðY Þ ¼ lY and SðZÞ ¼ mðZÞ for some m; l A R. Because of ½SX ; SY ¼ S½X ; Y we get m ¼ l 2 . Condition (iii) of Proposition 4.6 gives
Since U is an isometry, we get l ¼ G1. Moreover,
For l ¼ G1 let the isomorphism S l : l ! l be defined by S l ðX Þ ¼ lX , S l ðY Þ ¼ lY , S l ðZÞ ¼ Z. As in the case l ¼ R 2 we identify AutðgÞ with
Here we use the bijection
where U :¼ Uj ða 0 Þ À . r
In the same way as for l ¼ R 2 we obtain:
Since D a Û U ¼Û U D a and y a Û U ¼ ÀÛ U y a , we get on the other hand
thus U 1 ðV Þ HV V X a À þ because of V X ker H X a À þ ¼ 0. Conversely, if there is given a linear map U 1 : V !V V X a À þ , then we can extend U 1 in a unique way to a linear mapÛ U : V !V V such that ½rðLÞj V ;Û U ¼ 0 holds for all L A l. Moreover, we canÛ U further extend to an antisymmetric mapÛ U A soðV lV VÞ. This extension is also unique. It automatically satisfies D a Û U ¼Û U D a and y a Û U ¼ ÀÛ U y a . In particular,Û Uj VlV V can be identified with the bilinear map
In a similar way we treatÛ Uj W . This map is completely determined by
The antisymmetry ofÛ U implies UðV Þ ¼ V ; UðV V Þ ¼V V ; UðW Þ ¼ W ;
t ¼ dA for some fixed A A a þ þ ; and s ¼ 0:
In particular, it is isomorphic to ÀÀ
Proof. First note that SðX Þ ¼ mðX Þ, SðY Þ ¼ lY , SðHÞ ¼ lðHÞ holds for some m; l A R since S commutes with D l and y l . Since S is a Lie algebra isomorphism, m ¼ l 2 must hold. We define the linear map S l : l ! l by S l ðX Þ ¼ X , S l ðY Þ ¼ lY and S l ðHÞ ¼ lH. If U : a l a 0 ! a l a 0 is an isometry that satisfies r À S l ðÁÞ Á U ¼ U rðÁÞ, then U must respect the decomposition a ¼ V lV V l W l a 0 . Moreover, if we take into account that U commutes with D and y, we see that U must have the properties claimed in the proposition. Conversely, if U satisfies the conditions in the proposition, then
is an isomorphism of pairs.
Since a ¼ 0, we have dt ¼ 0. where GLðRÞ and all orthogonal groups act in the natural way.
Proof. Decomposability of B only depends on the Autða 0 Þ Â GLðRÞ-orbit of B, hence we can speak of decomposable and indecomposable orbits. (a) In [9] , Proposition 3.1, we have seen that it su‰ces to classify full Lorentzian extrinsic symmetric spaces in possibly degenerate inner product spaces.
(b) Full Lorentzian extrinsic symmetric spaces in inner product spaces correspond bijectively to full weak extrinsic symmetric triples of Lorentz type, see [9] , Propositions 4.5, 4.8 and Theorem 5.1. The bijection, which maps the triple ðg; F; hÁ ; ÁiÞ to an extrinsic symmetric space M g; F ,! g À ¼: V is explicitly given in [9] , Section 4.
(c) Each full and indecomposable weak extrinsic symmetric triple is either a semisimple extrinsic symmetric triple or its underlying Lie algebra does not contain simple ideals. The first case is well studied, see Section 5.2. In the latter case the triple is the normal extension of a full extrinsic symmetric triple by a (finite-dimensional) real vector space R.
(d) The isomorphism classes of weak extrinsic symmetric triples ðg g;F F; hÁ ; Ái~Þ which are normal extensions of the extrinsic symmetric triple ðg; F; hÁ ; ÁiÞ by R correspond bijectively to the orbit space The bijection is given in the following way. Given an element in the orbit space we choose a representative ½o A H 2 ðg; RÞ D À H H 2 ðg; RÞ. Then letg g be the central extension of the Lie algebra g by the Abelian Lie algebra R that is determined by o in the usual way. We extend F ¼ ðD; yÞ tog g such that Dj R ¼ 0 and yj R ¼ Àid. 
